Abstract: Reaction kinetics on free energy surfaces with small activation barriers can be computed directly with the Smoluchowski equation. The procedure is computationally expensive even in a few dimensions. We present a propagation method that considerably reduces computational time for a particular class of problems: when the free energy surface suddenly switches by a small amount, and the probability distribution relaxes to a new equilibrium value. This case describes relaxation experiments. To achieve efficient solution, we expand the density matrix in a basis set obtained by singular value decomposition of equilibrium density matrices. Grid size during propagation is reduced from (100-1000) N to (2-4) N in N dimensions. Although the scaling with N is not improved, the smaller basis set nonetheless yields a significant speed up for lowdimensional calculations. To demonstrate the practicality of our method, we couple
Introduction
Activation barriers are often so large that chemical reaction kinetics can be computed within the framework of master equations and transition state theory. 1, 2 When the reaction barriers are comparable to k B T, this approximation is no longer valid. The populations of reactants, intermediates, and products cannot be assigned neatly to "states,"and diffusion processes contribute directly to the observed signal. Methods are required that bridge from the macroscopic (state) to the microscopic (atom-by-atom) view, such as stochastic dynamics on low-dimensional free energy surfaces. 3 For example, one can propagate individual trajectories by Langevin dynamics if the reaction occurs in the Kramers over-damped limit, 4 as is the case for most reactions in dissipative environments. 5 Langevin dynamics are most effective for comparison with short single molecule trajectories. 6 Comparison with ensemble relaxation experiments requires the averaging of many trajectories to obtain the time-dependent probability density p(x,t) along the reaction coordinate x.
Instead, one could solve directly the Fokker-Planck equation for the time-evolving probability density p(x,p,t), or solve the Smoluchowski equation
for p(x,t) if only the position distribution is of interest. Here G(x) is the free energy of reaction, D(x) is the diffusion tensor, β = 1/k B T is the inverse temperature, and the bold x indicates the appropriate summation over partial derivatives along N reaction coordinates 
Method
Consider a free energy G(x,d) dependent on a perturbation parameter d. d could be the temperature, an applied force, or some other external variable. The perturbation is switched on at time t = 0, so the surface switches from G(x,0) to G(x,d). The idea is illustrated in Figure 1 : the probability density starts out at equilibrium on the surface G(x,0), and will evolve after the jump to a new equilibrium on the surface G(x,d).
To construct a set of basis functions for propagating p in time, consider the set of density operators that solve eq. (1) at equilibrium for different values of d,
An optimal basis can be constructed by using singular value decomposition of this set. Let Expanding the density operator in terms of the singular value basis,
The advantage of eq. (6) is that it reduces a large continuum propagation problem back to a very small master equation propagation. Instead of propagating state populations, the master equation propagates expansion coefficients of p in a small orthonormal basis. The matrix G ij, is expensive to calculate, but only needs to be computed once. The actual propagation over many small time steps is inexpensive, and a back-calculation of p(x,t) is only necessary at times t where a signal must be evaluated for comparison with data.
[Insert Figure to importance-sample the grid using -lnG(x) because the reduction to a master eq. (6) does not rely on any particular grid spacing or sampling.
Results and Discussion
Equation (6) couples the advantages of simple master equation propagation with the ability to calculate relaxation dynamics after switching an arbitrarily-shaped free energy surface at t = 0.
Low barrier dynamics can be computed exactly for simple diffusion processes, without resorting to transition state models. In effect, the master eq. (6) propagates orthogonal components of the density matrix instead of states.
[Insert Figures 2 and 3 ]
To demonstrate the utility of this approach, we applied it to a biophysical problem that requires calculation of many thermodynamic and kinetic data points to fit experimental data (Fig.   2) . The Gai lab and we recently showed that fluorescence-and infrared-detected folding relaxation kinetics of the three-helix bundle protein α 3 D have very different temperature dependences. 10 In that experiment, the protein solution was subject to a small temperature jump, and the protein population evolved on the free energy landscape towards a new equilibrium. The infrared-detected rate was nearly temperature-independent between 327 and 344 K, whereas the fluorescence-detected rate slowed down by more than a factor of 3 when the temperature was raised over the same range ( Fig. 2A) . When the protein thermally unfolded, infrared and fluorescence measurements yielded different unfolding curves in the 275-372 K range (Fig. 2B) .
No satisfactory 1-D fit was obtained by trial-and-error with Lange-vin dynamics and a diffusion coefficient fixed at 0.05 nm 2 /ns, 10 the value for free diffusion of two small helices in solution. 16 We speculated that at least a 2-D surface would be required to fit the data.
Our goal here was to sample 1-D and 2-D model free energy surfaces and signal functions more exhaustively than was possible by Langevin dynamics. We combined our Smoluchowsi propagator with a genetic algorithm that evolved a family of up to 100 free energy surfaces. The genetic algorithm mutated and combined the free energy surface parameters for up to 3000 generations, selecting those surfaces that best reproduced the experimental data summarized in Figure 2 . The experimental kinetics data contained 8 traces to be fitted (one for each rate coefficient in Fig. 2A ). Thus ~10 6 propagations of the probability function/density matrix in 1-D or 2-D were required during optimization.
[Insert Figure (The bold vectors in the exponent stand for a sum of squares over N coordinates.) Because only the relative well-depths and the barriers between wells are physically significant, we restricted the Gaussian wells to a minimum depth such that the normalized equilibrium density,
given by eq. (2), approached zero at the edges of the sampling grid. In this study, we kept the diffusion coefficient coordinate-independent, but allowed its average value to vary.
To compute signals from p(x,t) and p eq (x), the genetic algorithm also had to adjust signal functions S i (x) that describe how the infrared, thermal fluorescence, and kinetics fluorecence signals vary along the reaction coordinate. The signal functions S i (x) were chosen to be sigmoids with height h, width r, slope m, and switching at position x o . In 1-D,
We choose baseline sigmoids because they can represent both a gradual and a sudden shift in signal along the reaction coordinate. The signals S i (t) (Fig. 2A) or S i (T) ( In contrast, we were able to obtain a physically satisfactory 2-D free energy surface. Figure 4 shows the fittest 2-D free energy surface and equilibrium probability density at two tempera- The same genetic algorithm optimization on the full grid would thus have been impractical with the computational resources utilized here.
The surface in Figure 4 is not a unique solution, but it is representative of the family of free energy surfaces compatible with the experimental data. One nice feature of the Smoluchowskigenetic algorithm approach is that the free energy and signal functions are easily refined further as additional experimental data become available. A direct comparison with low-dimensional free energy surfaces from Markov modeling of molecular dynamics simulations [21] [22] [23] is possible, but will require one additional major step. Our reaction coordinates in Figure 4 are really defined through the signal functions S i (x). Signal functions for the same variables would have to be computed from molecular dynamic simulation, so the two sets of free energy surfaces can be mapped onto one another.
Conclusions
Singular value decomposition of equilibrium density matrices provides a robust orthonormal basis set for propagating the non-equilibrium density matrix with the Smoluchowski equation. A large number of spatial grid points is reduced back to a small master equation propagation that can be integrated stably. The number of basis functions and dynamic range of singular value coefficients w max/ w min can be adjusted to match the experimental signal-to-noise ratio. Simulation of relaxation experiments with small perturbations (e.g. temperature jumps) is about 100X faster per degree of freedom than grid or finite element methods. A genetic algorithm exploration of free energy surfaces and signal functions confirmed that the folding/unfolding kinetics and thermal melts of the designed three-helix bundle α 3 D require at least a 2-D free energy surface to be modeled with a realistic diffusion coefficient and large population transfer from the native to the unfolded well.
